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ANALYSIS  OF  DATA  ON  PLASTIC  DEFORMATION  OF  A  CLAMPED 
THIN  CIRCULAR  PLATE  UNDER  HYDROSTATIC  PRESSURE 


BY  A.N.  OLEYZAL,Ph.D. 


APRIL  1947 


NOTATION 


a  Radius  of  plate 
A  Area  of  deformed  plate 
Ao  Initial  area  of  plate 

AA  Increment  of  area  of  deformed  plate  relative  to  Ao 

h  Final  thickness  of  plate 

Ao  Original  thickness  of  plate 

p  Hydrostatic  pressure  acting  normally  to  plate 

r  Pinal  radial  distance  of  a  point  on  the  plate 

ro  Original  radial  distance  of  the  point 

Ar  Increment  of  r  on  deflected  plate 

dro  Increment  of  ro  on  flat  plate 

Aa  Arc  length  corresponding  to  Ar 

Radial  tension  at  a  point 

Circumferential  tension  at  a  point 

tt  Displacement  of  a  point  in  a  direction  parallel  to  the  original 
plane  of  the  plate 

Ui  Successive  approximations  of  u 

U  Energy  absorbed  by  plate  as  It  deflects  from  Initial  to  final 
position 

V  Volume  displaced  by  plate  as  It  deflects  from  Initial  to  final 
position 

a  Displacement  of  a  point  in  the  direction  perpendicular  to  the 
original  plane  of  the  plate 

e.  Radial  strain  at  a  point  (conventional) 

€,  Circumferential  strain  at  a  point 

Radial  stress  at  a  point 

00  Circumferential  stress  at  a  point 


ANALYSIS  OP  DATA  ON  PLASTIC  DBPORNATION  OF  A  CLAMPED 
THIN  CIRCULAR  PLATE  UNDER  HTDROSTATIC  PRESSURE 


ABSTRACT. 

Foraulas  ar«  darlvad  idiieh  relate  axial  deflection,  radial  dla- 
plaoenent,  plastic  strain,  thickness,  and  stress  in  a  claaped  circular  plate 
deforned  by  lateral  pressure,  niese  formulas  result  from  considerations  of 
equilibrium  conditions  and  relationship  of  strains  and  displacements,  and 
frcmi  the  assumption  that  the  volunse  strain  is  zero  for  a  material  In  the 
plastic  range.  Quantities  computed  in  several  different  ways  by  these  formu¬ 
las  are  plotted  and  compared  with  observed  quantities  obtained  in  tests  on  a 
aedium-ateel  plate. 

INTRODUCTION 

Vhen  a  thin  metal  plate  clamped  at  the  edge  is  deflected  by  in¬ 
creasing  lateral  pressure,  the  plate  undergoes,  in  a  first  stage,  elastic 
bending  and  stretching  (1 )*;  In  a  second  stage,  as  the  deflection  increases, 
the  plate  bends  plastically  at  the  edge  and,  owing  to  tension,  stretches  as 
an  "elastic  skin"  (2);  in  a  final  stage,  the  plate  yields  plastically  In 
tension  and  assumes  an  approximately  spherical  shape. 

This  report  presents  equations  which  apply  In  the  third  stage.  It 
makes  use  of  available  data  on  plastic  defor:.4tlon  of  a  circular  plate  and 
presents  graphs  of  quantities  calculated  In  different  ways.  The  Independent 
evaluations  of  a  quantity  serve  as  checks  on  the  original  data.  The  analysis 
to  be  described  Is  txaet  for  an'  infinitesimally  thin  plate  with  volume  strain 
zero  and  hence  applies  to  the  third  or  plastic  stage.  However,  the  analysis 
is  approximately  correct  In  the  second  or  elastic  stretching  stage,  since  for 
elastic  materials  the  volume  strain  is  small. 

Six  geometrical  quantities  are  considered:  radial  and  circumferen¬ 
tial  strain,  radial  dlsplacesMnt,  axial  deflection,  thickness,  and  final 
radial  distance.  These  quantities  are  functions  of,  for.  example,  the  Initial 
radial  distance  of  a  point.  These  geosMtrleal  functions,  it  Is  shoun,  are 
related  by  four  equations.  Hence,  If  two  of  the  six  functions  are  known,  and 
If  the  two  are  Independent  of  each  other  with  respect  to  the  four  equations, 
then  the  remaining  four  may  be  expressed  In  terms  of  these,  two.  for  example, 
the  axial  defleetlm  may  be  expressed  as  an  Integral  of  an  expressim  in 
terms  of  the  radial  and  olrcusiferentlal  strains.  The  first  part  of  this 
report  Is  concerned  with  such  derivations. 


*  SiMbtra  la  pamtteaM  iadioat*  nfaraaoaa  m  pact  22  of  thla  roport. 
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Five  of  these  six  quantities  were  measured  In  the  tests.  Hence 
each  one  may  be  computed  from  the  other  four  In  a  variety  of  ways  by  these 
equations.  Results  of  such  computations  are  shown  In  the  figures.  Alterna¬ 
tive  evaluations  serve  as  checks  of  the  methods  and  of  the  observed  data. 

In  addition  to  the  four  geometrical  relations  there  are  two  equi¬ 
librium  conditions.  By  use  of  these  conditions  the  radial  and  circumferential 
tensions  In  a  circular  plate  may  be  determined  when  Its  profile  and  the  ap¬ 
plied  pressure  are  known.  If  the  strains  are  known,  the  thleknesaes  and 
therefore  the  stresses  may  be  computed  from  these  tensions.  These  formulas 
are  also  applied  to  test  data  on  the  circular  plate;  the  second  part  of  this 
report  deals  with  such  determinations. 

By  Integrating  pressure  times  differential  of  volume  the  energy 
absorbed  by  the  plate  nay  be  calculated.  The  results  nay  then  be  plotted 
In  terms  of  central  deflection,  or  In  terms  of  change  of  area.  The  final 
portion  of  this  report  concerns  Itself  with  these  equations. 

All  the  data  used  In  preparing  the  graphs  of  this  report  are  taken 
from  tests  on  a  nedlun-steel  plate,  1/8  Inch  thick  and  having  a  radius  of 
10.25  Inches.* 

Many  of  the  results  shown  In  the  figures  of  this  report  are  based 
on  data  obtained  on  this  circular  plate  under  a  hydrostatic  load  of  1125 
pounds  per  square  Inch,  at  which  the  central  deflection  was  found  to  be 
Inches . 

By  use  of  coordinates  such  as  r/a,  i/a,  and  pa/h^,  as  In  Figure  1, 
the  graphs  derived  are  applicable  to  all  thin  plates  of  the  same  material. 

In  this  report  the  graphs  apply  to  all  thin  plates  of  medium  steel  with  the 
stress-strain  curve  shown  In  Figure  11,  on  page  17. 


*  Tha  raaulta  of  tba  toita  on  thia  plata  ara  firan  in  Rafaranoa  (3),  HU  Taat  7. 


For  purposes  of  comparison,  curves  based  on  empirical  formulas  for 
quantities  such  as  deflections  and  strains  are  shown  In  the  figures.  There 
are  thus  three  types  of  graphs  In  this  report:  those  obtained  by  direct  ob¬ 
servation,  those  resulting  from  calculations  based  on  observed  quantities, 
and  those  based  on  empirical  formulas. 

This  report  may  be  regarded  as  preceding  TUB  Report  332  (4).  in 
the  latter  report  the  analysis  Is  made  mathematically  complete  by  the  Intr  - 
ductlon  of  additional  plasticity  laws  which  relate  the  three  principal 
stresses  and  the  three  principal  strains  In  the  material. 

OEOMETRICAL  RELATIONSHIPS 

The  geometrical  relationships  of  strains,  displacements,  deflec¬ 
tions,  and  thicknesses  are  now  to  be  derived.  The  formulas,  as  will  be  seen, 
are  exact  for  a  plate  of  Infinitesimal  thickness. 

Suppose  a  flat  circular  plate  of 
radius  a  Is  deflected  to  a  radially  symmet¬ 
rical  shape  as  In  Flgwe  1 .  Let  fg  be  the 
abscissa  of  Pg  and  r  that  of  P,  where  P  is 
the  final  position  of  Pg.  The  axial  deflec¬ 
tion  X  can  be  considered  as  a  function  of 
either  rg  or  r.  Similarly  the  thickness  h, 
the  radial  displacement  u,  and  the  radial 
distances  fg  and  r  may  also  be  given  In 
terms  of  either  rg  or  r. 

Let  P  and  P'  be  two  points  on  the 
plate  situated  on  a  plane  passing  through  the  axis  of  symmetry,  as  In  Fig¬ 
ure  2.  For  every  position  of  the  plate  there  Is  associated  a  definite  are 
length  As  between  the  two  points  and  a  definite  Increment  dr  of  r.  If  dr.  Is 
the  value  of  dr  when  the  plate  Is  In  Its  flat  position,  then  the  radial  strain 
at  P  Is 

*  «  lim  ~  ^^0  .  lim  >"dr«  ->•  ds»  _  . 
ir,*0  drg 


Figure  2  -  Displacement  of 
an  Element  PgPg* 

P  and  P'  ar*'  flxad  polnta  on  tha  plata. 


or 


€r  - 


The  circumferential  qtraln  at  P  Is 


«• 


2rrr  -  Eirrp 
2»rrg 


r  -  rg 
»'o 


[1] 
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Let  u  be  the  radial  dlaplaoement ;  then 


M  —  r  -  ro 


Henee,  we  may  write 


A  region  on  the  surface  of  the  plate  which  Is  originally  of  area 
dAo  will  after  deformation  have  the  area 

dA  “  dAod  +  «r)(l  +  <«) 

If  It  Is  assumed  that  In  plastic  deformation  the  volume  of  any 
small  portion  of  the  diaphragm  remains  constant,  then 


Hence, 


hdA  “  hodAo 


A(1  +  «r)(l  +  «,) 


Equations  [1],  [2],  [3]»  and  [4]  are  four  Independent  equations  In 
7  variables,  h,  £«,  r,  r^,  z,  and  u.  When,  from  among  these,  two  Inde¬ 
pendent  variables  other  than  Tq  are  Known  functions  of  Tq,  expressions  for 
the  remaining  four  functions  In  terms  of  the  two  known  ones  may  be  found  by 
formal  processes  of  algebra  and  calculus.  The  more  useful  of  these  expres¬ 
sions  are  now  derived. 

It  may  be  noted  that  quantities  such  as  e,,  and  ^ 

are  uniquely  associated  with  a  point  P  on  the  plate  and  may  be  given  In  terms 
of  either  variable,  r  or 


STRAINS  IN  TERNS  OF  DISPLACEMENTS 

The  following  expressions  for  radial  strain  may  be  derived  from 


Equation  [1]  by  use  of  Equation  [2]: 

4  + 

(f  /  - ' 

[5] 

(ff 

-  -  1 

[6] 

€r  • 

1  - 

du 

dr 

5 


Thus,  for  exsoq)!#.  If  r(r«)  and  $(r^)  ars  knoim,  <r(r«)  may  be 
computed  by  Equation  [1].  If  r«(r)  and  s(r)  are  given  Instead,  then  r{r^) 
and  s[r(ro)]  may  be  determined,  and  Equation  [1]  may  be  applied.  Or  <r(r) 
may  be  found  directly  from  r«(r)  and  t{r)  by  Equation  [6].  Figure  3  shows 
values  of  plotted  against  r«,  computed  from  observed  deflections  and  dis¬ 
placements  by  this  equation.  For  comparison,  values  of  determined  by  ob¬ 
servation  and  by  empirical  formulas*  are  shown  In  Figure  3.  The  observed 


Figure  3  *  Radial  Strain  Plotted  on  a  Basis  of  Initial  Radial  Dlatance 

Tba  viXvN  of  radial  atraia  Infarrod  ttm  axial  daflaetion  aad  radial  rtliylaoi— it  aboas  bora 
ara  Irrofalar  ia  ooaaaywaoa  of  tba  proooaa  of  difforaetiatioa  bj  ahiob  thagr  aora  obtalaad. 
laaartbalaaa  tbajr  baVa  a  traad  ahiob  ia  Torifiad  bgr  tba  obaarratloaa  with  aatalaotrio  cafaa. 


*  Tba  ori(ia  of  tba  aaplrioal  foraolaa  ia  diaewaaad  oo  pa(a  7. 
HUB  fOnnla  aiU  bo  diaoaaaod  ea  paca  9> 


arcumfarcntial  Strain  c« 
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values  of  were  obtained  by  metalectrlc  strain  gages.  Values  of  e,  calcu¬ 
lated  from  thickness  and  displacement  by  formulas  derived  later  In  this  re¬ 
port  are  also  shown  In  Figure  3. 

^Substituting  for  the  approximating  expression 

1  +  j  (^)  +  •  •  •  In  Equation  [5]  and  dropping  third-  and  higher-order 
terms,  there  results  the  approximate  equation 

„  4. 

dr^  2  Wr/ 


used  In  elasticity  theory. 

If  u(ro)  or  tt(r)  la  known, 

or  by 


<»  = 


then  £«  may  be  computed  by  Equation  [3] 


[7] 


Figure  4  -  Circumferential  Strain  Plotted  on  a  Basis  of 
Initial  Radial  Distance 
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Figure  4  shows  a  graph  of  c«  computed  by  Equation  [3]  from  meas¬ 
ured  radial  displacements.  Values  obtained  by  observation  and  values  obtain¬ 
ed  by  an  empirical  equation  are  also  shown  In  Figure  4. 


RADIAL  DISPLACEMENT  IN  TERNS  OP  STRAIN 
Equation  [7]  yields 


u 


rt, 

1  + 


[8] 


Thus,  If  €,  Is  known  In  terns  of  r,  u(r)  can  be  calculated  by  Equation  [8]. 
Equation  [3]  Implies,  since  tt(0)  -  0,  that 


Thus  u(ro)  may  be  found  by  Integration,  starting  with  e,.(ro)  and  z(ro). 

Use  of  Equation  [9]  requires  the  determination  of  the  slope  ^  at  various 
points  whose  original  radius  Tq  Is  known. 

If  e,  and  z  are  given  In  terms  of  r  rather  than  r^,  then  by  Equa¬ 
tion  [6] 


du 

1  -  ■ 

m 

dr  " 

1  +  tr 

and 

r 

1  —  J 

+ 

K 

] 

w  -  J 

0 

1 

1  +  J 

EMPIRICAL  FORMULAS  FOR  DEFLECTION,  RADIAL  DISPLACEMENT,  AMD  STRAIN 

Symmetry  shows  that  atr»0  and  that  the  derivatives 

d€rldr  and  detidr  Vanish  at  r  *0.  c«  Is  equal  to  sero  at  r  *  a  and  ex¬ 
periments  show  that  Is  small  at  r  >  a  in  comparison  with  Its  value  at 
r  *  0.  Hence  and  c«  vary  with  r  In  somewhat  the  same  mianner,  and  It  is 
reasonable  to  write 
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since  experiments  show  that  an  approximate  formula  for  the  strain  at  the 
center  of  the  plate  Is 


Since  u  Is  small  compared  to  r,  It  follows  from  Equation  [7]  that 
Combining  these  empirical  formulas,  we  may  write 


THICKNESS  AND  DISPLACEMENT 

Equations  [1],  [2],  [3l.  and  [4]  imply  that 


[10] 


If  h  and  z  are  given  in  terms  of  r^,  then  r  may  be  computed  as  a 
function  of  r©  from  this  equation  by  numerical  or  other  methods.  If  the  fi¬ 
nal  radius  r  Is  used  as  parameter,  r,  may  be  expressed  In  terms  of  an  Inte¬ 
gral,  for  Equation  [10]  may  be  written 


[11] 


[12] 


Equation  [12]  may  be  used  to  compute  the  displacement  w  ■■  r  —  r, 
from  the  thickness  h  and  the  deflection  z.  A  graph  of  «  obtained  In  this 
manner  Is  shown  In  Figure  Values  of  u  obtained  by  the  empirical  formula 

u  ■■  ^  ^(l  -  and  by  observation  are  shown  for  comparison. 

Equation  [11]  Implies  that 


h. 

h 


[15] 


Consequently  the  thickness  of  the  plate  can  be  Inferred  from  displacement 
measurements  alone.  A  graph  of  h(ro)  obtained  by  Equation  [13]»  where 
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Figure  3  “  Radial  Displacement  Plotted  on  a  Basis  of 
Initial  Radial  Distance 


ii(ro)  and  z(r)  were  observed,  is  shown  In  Figure  6.  Values  of  A  obtained  by 
measurement  and  by  an  empirical  formula  are  shown  for  comparison. 

THICKNESS  AND  STRAIN 

Equations  [2],  [3],  and  [4]  imply  that 

[14] 

Figure  3  shows  a  graph  of  obtained  from  this  equation,  using  observed 

values  of  it  and  h.  If  the  axial  deflection  x  and  the  thickness  h  are  known, 
then  Equation  [12]  may  be  used  to  find  r„,  and  Equation  [14]  may  be  applied. 
Equation  [14]  does  not  give  a  determinate  value  for  e,.  at  r,  -  0. 


0.12 


Remembering  that 

Hm  ii  ^ 

'■•♦■0  Y  \drv=o 


we  may  write,  making  uee  of  Equation  [8], 

dr  “  1  + 


at  r 


Equation  [6]  iovlles  that,  when  ^*0, 

iu  ^  «r 

dr  *  1  +  Cr 


0 


Therefore 
By  Equation  [4] 


n 


Conitqutntly 


•r  "  «#  "  -  1  rt  r  "  0 

nius  and  «|  ar«  equal  at  the  center  of  the  plate. 


PROPIU  CALCULATED  FROM  STRAIN 

CoBblnlng  Bquatlona  [1]*  [2],  and  [3l*  we  find 

0  +  .,)»-  (l  +.,  + 


nierefore 


$ 


«« 


-  1 1/(1  +  «r)*  -  (l  +  €,  +  dfo 


(151 


where 


<0  *  / ((4l  +  <r)*  ”  (l  +  «•  +  ro 

Conaequently,  the  profile  function  my  be  expreaaed  as  an  Integral  In  term 
of  the  atraln  funotlona  only.  Figure  7  ahowa  a  graph  of  f  ao  conputed.  A 
graph  obtained  by  maauremnt  la.  alao  ahown  In  Figure  7. 

RADIAL  AND  CIRCUIfFERERTIAL  STRESS 

The  quantltlea  dlaouaaed  up  to  thla  point  have  been  purely  gemet- 
rloal;  It  la  now  our  purpoae  to  oonalder  the  relatlonaihlp  of  preaaure,  de¬ 
flection,  and  tenalon. 

The  circular  plate  la  oonaldered  to  be  thin  and  to  act  like  an 
«ao(rop<c  akin  In  irtiloh  the  principal  dlrectlona  of  atraln  and  tenalon  coin- 
aide  at  each  point. 

Conalder  now  auoh  a  akin  with  a  fixed  circular  boundary,  to  irtiloh 
a  preaaure  p  la  applied.  It  will  be  deflected  In  a  radially  aymetrloal 
faahlon  to  aom  aeotlonal  profile  glwen  by  a  function  s(r),  irtiere  r  la  the 
dlatanoe  froa  the  axla  of  ayaietry  and  s  la  Maaured  parallel  to  the  axle 
of  ayaaetryi  aee  Figure  8>. 

If  t(r)  and  the  preaaure  are  known,  It  la  poaalble  to  write  exprea- 
alona  for  the  principal  tenalona  In  the  aldn  In  tenia  of  theae  quantltlea  and 
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Figure  7  -  Cooparleon  of  Observed  Profile  with  Profile 
Inferred  froa  Strains 

Th*  dcflMtloB  funetioa  «m  ooaputad  trem  tfa»  obtarrad  Btraln  funotloM  <a(r«)  and 
^  Iquation  Cl5]i  irtiara  la  otaoaan  ad  tbat  i  =  •  at  r,  s  10. 

Tha  aaaaurad  valuta  of  i  la  thla  graph  art  dlfftrtnota  batwttn  tbt  valut  of  <  at  r,  s  r, 
and  tht  valua  of  t  at  r,  >  10. 


derivatives  of  z(r).  Clearly,  these  tensions  at  a  point  P  have  directions 
lying  In,  or  perpendicular  to,  the  plane  passing  through  the  point  P  and  con¬ 
taining  the  axis  of  sysnetry.  Thus  the  radial  tension  t,  and  the  circumfer¬ 
ential  tension  ta  ar*  principal  tensions. 

The  component  tensions  and  t,  are 
derived  as  follows.  Co.islder  a  small  element 
cut  from  the  skin  by  planes  passing  through  the 
f-axls  and  by  two  cylinders  having  this  axis  In 
conmion.  Let  p  be  the  normal  force  per  unit  area 
on  the  element,  and  tr  and  ta  the  forces  per 
unit  length  acting  on  the  sides  of  the  element. 
Equating  to  sero  the  total  force  in  the  direc¬ 
tion  of  the  axis  of  symmetry 


prdBdr  —  - 


or 


Figure  8  -  Forces  Acting 
on  an  Element 


pr 


d  (  .  dx\ 
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Inttgira^lng  with  r*sp«ct  to  r,  and  noting  that  tha  Intagratlon  constant  mist 
have  the  value  sero 


-  rtr 


in 

dr 

iL 

dr 


Solving  for  if  and  writing  Kl  +  (dx/dr)*  in  place  of  dt/dr, conclude 


ir 


dr 


(161 


To  find  e«  we  examine  the  forces  In  the  direction  parallel  to  the 
tension  t, .  The  total  force  /  due  to  the  two  circumferential  tensions 
on  opposite  sides  of  the  element  Is 

Udade 

irtiere  d$  Is  the  length  of  the  arc  cut  pff  by  the  two  cylinders,  as  shown  In 
Figure  8.  This  force  acts  In  a  direction  perpendicular  to  the  2-axls  and  In 
the  plane  determined  by  the  tension  and  the  z*axls.  Hence,  the  component 
of  the  force  f  In  the  direction  of  Is 

Udade^  -  t,d0dr 

The  force  In  the  direction  of  due  to  the  radial  tensions  on  the  two 
sides  of  the  element  is 


d(rd9tr)’"  ■^{rtr)dSdr 

■[ 

Equating  forces  which  act  In  opposite  directions,  we  find  that  I 

t,d$dr  -  ^(rtr)d$dr 
or 

(,  -  i 

■/! 

'! 

i 
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■nils  •quatlon  is  fudlltr  in  tlastloltj  theory  for  tho  thin  elreultr  pltto* 
By  Equation  [l6]  It  nay  also  ba  written  in  the  font 


d*$ 


Conaequently,  the  tenalona  in  the  plate  at  every  point  except  at  r  ■  0  aay 
be  oowputed  by  Bquationa  [l6]  and  [17I  If  the  preaeure  p  and  the  profile 
function  M  »  t(r)  are  known.  Ve  note,  too,  taking  linita  in  Bquationa  [16] 
and  M7I  aa  r  approaohea  aero  and  renewbering  that  anproaehea 

(d*a/(iV*)  aero,  that 

t  -  tr  -  -  -  \p~j^  at  r  -  0 

Figure  9  ehowa  grapha  of  and  t,  ooaputed  frow  p  and  the  profile  function 
f(r)  by  theae  forwulaa,  ualng  ezperiaental  valuea  of  t(r). 


Flg«ar«  9«  -  ft'— W  p  •  200  Pooada  p«r  r*  Zaoh|  t,  •  0.9222  Zaae 


FImI  Racial  OtclSM*  r  In  Inniwt 

rigun  9b  -  Frwaun  p  •  iX  Pouada  par  aqvara  laohi  t,  «  1 .495  Xseh 


0  1  t  9  4  S  C  7  I  9 

Final  ItaCiol  Olatonea  r  In  InehM 

rifwa  9n  -  PrMnurt  p  *  1000  Pounda  p«r  Squarn  Inob}  $,  «  3>1961  Inobna 


Figure  9  -  Radial  and  Clrouaferantlal  Tension 
Th*  tonilon  fuiwtloM  (,(r)  and  (,(r)  vara  oaeputad  from  an  obaarrad  proflla  fmtion  f(r)  bjr  lauaUana 
[l6]  and  [17].  Tha  Irragularlty  of  tha  t*  valuaa  la  dua  to  tha  Irragularltp  of  tha  aaluaa  of  ^  whloh 
ooour  In  tha  axpraaaton  for  alnoa  thaaa  oaluaa  wora  obtalnad  froai  f(r)  by  a  grapMoal  Mthod.  Tha 
Irragularltlaa  .My  ba  oonaldarad  raaerkably  aaall  In  vlav.  of  thla  faatura  of  tho  ooaeutatlona. 
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Let  it  be  aeBimed  that  the  final  thickness  h  or  the  strains  are 
known  In  terms  of  r.  If  x(r)  and  the  pressure  p  are  given,  the  radial  stress 
Cf  and  circumferential  stress  averaged  over  the  thickness  of  the  plate  may 
be  computed  by 


e,  *  (1  +  <rXl  +  *♦) 

-  a  .  ^(1  +  +  «#) 

Figure  10  shows  values  of  e,  and  found  in  this  manner,  where  the  tensions 
tr  and  are  calculated  by  Equations  [l6]  and  [17] • 


Flgwe  10  •  Radial  and  Circumferential  Stresses 

Tb«  rftdlal  and  olroiafamtial  tanalona  (,.  and  aara  ooaputad  froa  ttaa  daflaotloa  fvnotloa  t(r)  at 
a  praasura  p  by  Squatlona  [16]  and  [17].  Tha  atraaaaa  aara  thin  oaloulatid  bgr  Bquation  [18]. 

Thi  thickness  A  nay  he  oonputad  fron  $(r)  and  a(r)  If  desired,  or  hgr  anjr  of  the  nathods  daforibad  in 
this  report.  Observed  values  of  if  and  aere  used  tn  find  *  for  this  graph. 


Figure  11  Is  a  graph  of  stress  plotted  against  radial  strain  at 
the  center  of  the  plate,  at  a  series  of  pressures  Increasing  from  zero  to 
112$  pounds  per  square  Inch.  This  Is  a  biaxial  stress-strain  curve  for  the 
material  of  the  plate  when  the  principal  strains  Cj  and  c,  are  equal.  For 


Figure  11  -  Comparison  of  Uniaxial  with  Biaxial  Stress-Strain  Curve 

StMMai  w*r«  coaputad  at  tha  oantar  of  tha  plata  by  tha  femilas  (  -  (-p/t}(d*f /dr*),  idtara 
I  is  tha  tanalon  and  k  tha  thloknaaa  at  tha  oantar  of  tha  plata.  Tha  praaaura  p,(<f},  tha 
atraln  <(f,}  at  oantar,  aal  tha  profUa  fimctlon  t(f,,r)  nar'a  obtalnad  hy  naasuranant. 


comparison,  the  uniaxial  stress-strain  curve  for  a  tensile  specimen  of  this 
material  Is  also  shown  In  Figure  11. 

ENERGY  ABSORBED  BY  A  CIRCULAR  PLATE 

Attention  Is  now  given  to  the  energy  of  deformation  of  the  plate, 
and  formulas  and  graphs  are  glv.en  for  the  determination,  of  this  energy.  If 
the  pressure  on  the  diaphragm  and  the  total  volume  displaced  by  the  diaphragm 
as  It  deforms  are  known,  the  energy  may  be  calculated  by 

U  -  JpdV 


where  U  ia  the  total  energy, 
p  Is  the  pressure,  and 
dV  Is  the  differential  of  volume. 

Bach  of  these  quantities  may  be  given  In  terms  of  the  central  deflection, 
the  pressure,  the  slope  at  edge,  or  other  such  parameters.  The  volume  dis¬ 
placed  In  terms  of  central  deflection  may  be  ccmputed  from  profiles  by 

V  -  jznrxdr  [1^] 

0 

where  a  Is  the  radius  of  the  plate,  and  s  ■  s(se,r)  Is  the  equation  of  the 
profile  which  has  a  central  deflection  of  magnitude  Sq •  It  follows  that 


[20] 


i8 


U 


2n 
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Equation  [19I  was  applied  to  profile  data  obtained  In  teste.  It  was  found 
that  the  volumes  so  computed  were  within  2  per  cent  of  the  volumes  computed 
from  the  central  deflection  zq  alone,  when  the  profile  was  taken  to  be  spher¬ 
ical.  When  this  assunqptlon  Is  made.  Equation  [191  becomes 


V  -  +  -l-jrzo* 

and 

U  •  \njp(a^  +  to^)dto  [^^] 

0 

If  p(zo)  Is  known,  say  by  observation.  [7  may  be  computed  by  this  formula.  In 
order  that  the  curve  so  found  may  be  applicable  to  plates  of  other  dimensions 
of  the  same  material,  we  note  that  Equation  [21]  may  be  written 

-  i/ ^  X?) 

0 

similitude  considerations  show  that  for  circular  plates  under  hydrostatic 
pressure  the  quantity  pa/Ag  T^hich  appears  In  the  Integrand  of  this  equation 
Is  the  <ame  function  of  Zg/a  for  all  thin  circular  plates  of  Identical  mate¬ 
rial.  Consequently,  by  Equation  [22],  the  energy  per  cubic  Inch  of  plate  ma¬ 
terial,  Is  l^he  same  function  of  zo/a  for  all  such  plates.  The  quan¬ 

tities  paMo  and  ^  calculated  from  an  observed  deflection  function 
p(Zo)  are  plotted  against  Zn/a  In  Figures  12  and  1?  respectively. 

The  quantity  ^  ^  may  also  be  plotted  against  the  average  areal 
strain  dA/A,  the  Increase  of  area  divided  by  original  area.  The  areal  strain 
may  be  computed  by  the  formula 


dA  dA  _  2 
Ao  wu*  o* 


In  the  computations  of  the  graphs  of  this  report  we  have  assumed  circular 
profiles  so  that 


[24] 
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Figure  12  -  Pressure  Plotted  on  a  Basis  of  Central  Deflection 


nraasurea  and  oantral  daflactlon  w«r«  ■••aurad  direotly.  from  this  graph  Mgr  ba  pradlotad  tha  praaaura 
for  a  glvan  daflaction  for  anjr  thin  aadlua-ataal  plata  with  a  atraaa-atrain  evrra  lUca  that  of  tha  uta- 
rlal  in  tha  plata  taatad.  Plataa  of  thia  Mtariai  aajr  bo  axpaotad  to  burat  whan  ^  s  90,000  poiada  par 
aquara  inch.  * 


The  relationship  of  energy  and  areal  strain  for  fflsdlum-steel  plates  may  be 
computed  by  Equations  [22]  and  [24]  from  experimental  determinations  of 
p(zo).  Results  thus  obtained  are  shoim  In  Figure  14. 

DISCUSSION 

The  formulas  of  this  report  are  mainly  of  two  types,  those  concern¬ 
ed  with  geometrical  strain-displacement  relationships  and  those  obtained  from 
equilibrium  conditions.  No  assiunptlons  concerning  the  stress-strain  proper¬ 
ties  of  the  material  are  ma/iw  f.haf.  the  volume  strain  Is  Identically 


zero. 


20 


Figure  13  **  Energy  Plotted  on  a  Basie  of  Deflection  for  Plates 

of  Medium  Steel 

tMTgj  iraloM  V  mra  ealeulatad  trcm  an  obaarrad  praaaura-daflaotloa  ourva  p(»,)  and  an  obaarrad 
profUa  ourva  f  =  bgr  tha  formla  V  -  JpdV,  wbara  V  la  tha  voluaa. 


Figure  14  •  Energy  Plotted  against  Average  Areal  Strain 

■Barer  U  *ara  oaloulatad  froa  m  obaarrad  frMaura*4aflarUaB  ourva  p(h)  and  aa  obaarrad 

profUa  ourva  *  ■  •(••fv)  bgr  tha  foraula  O  •  jp4V,  whara  V  la  tha  roiuM.  Frofilaa 
aara  foutd  to  ba  naarljr  olrouXar,  and  Squatloa  [24]  om  uaad  to  eoeputo  44. 
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The  relatione  among  geometrical  quantities  such  as  deflection, 
slope,  and  strain  are  exact  for  clamped  circular  plates  of  hdmogeneous  mate¬ 
rial  with  zero  volume  strain.  Granted  these  conditions  and  given  a  set  of 
accurate  data.  It  follows  that  any  one.  of  the  quantities  may  be  computed  from 
the  data  In  various  ways.  Results  obtained  by  different  methods  would  then 
be  the  same.  Differences  of  computed  quantities  in  these  graphs  are  due 
partly  to  Inexact  experimental  data.  These  differences  are  believed  to  out¬ 
weigh  differences  due  to  lack  of  homogeneity  of  the  material. 

The  formulas  for  tension  are  exact  for  thin,  circular, -clamped 
plates  of  homogeneous  material.  It  Is  believed  that  the  computed  values  of 
tension  are  In  error  principally  as  a  result  of  Inexact  Initial  data.  Bend¬ 
ing  stresses  which  were  not  considered  In  the  equilibrium  equations  would 
cause  considerable  error  near  the  edge  of  the  plate,  however. 

The  presence  of  derivatives  In  formulas  such  as  those  used  In  Fig¬ 
ure  9  tends  to  ma^lfy  errors  In  the  data  and  to  produce  the  erratic  varia¬ 
tions  present  In  these  graphs  since  the  values  of  the  derivatives  are  obtained 
by  taking  differences  of  consecutive  observed  values.  These  variations  are 
no  larger  than  Is  to  be  expected  under  these  conditions,  and  the  general 
trend  of  values  may  be  relied  upon  as  correct. 

Difficulty  was  experienced  In  the  use  of  the  metalectrlc  strain 
gages  because  of  their  limited  range.  It  Is  believed  that  some  measurements 
may  have  been  In  error  by  as  much  as  10  per  cent. 

Vertical  displacements* were  measured  by  dial  gages  and  may  be  ex¬ 
pected  to  be  accurate  to  0.001  Inch.  Horizontal  displacements  were  measured 
by  a  scale  and  are  accurate  to  0.01  Inch.* 

It  will  be  seen  In  Figure  3  on  page  9  that  radial  strains  computed 
from  data  by  two  methods  and  by  the  empirical  formula  agree  In  a  general  way. 
For  circumferential  strains,  shown  In  Figure  4,  the  empirical  formulas  yield 
values  about  9  per  cent  too  high  near  the  center  of  the  plate.  Agreement  be¬ 
comes  better  toward  the  edge  of  the  plate. 

Figure  5  shows  good  agreement  for  the  radial  displacements  measured 
directly,  with  those  computed  from  thickness  measurements.  The  envlrlcal 
formulas  predict  values  which  are  high  by  l6  per  cent  at  the  center,  but 
differences  decrease  toward  the  edge  of  the  plate. 

On  the  other  hand,  values  of  h,  Figure  6,  page  10,  computed  by  cor¬ 
responding  empirical  formulas,  are  low  by  about  3  per  cent.  Values  of  k  ob¬ 
tained  by  direct  measurement  and  calculated  from  other  quantities  are  within 
3  per  cent  of  agreement. 


*  S««  TUB  Report  R-142  (3)  for  «  eoaplot*  doscriptloo  of  toit  Mthoda. 
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Observed  values  of  deflection,  Figure  7*  and  values  conputsd  froM 
clrcunferentlal  and  radial  strains  are  In  surprisingly  close  agreement,  with¬ 
in  2  per  cent,  near  the  center  of  the  plate. 

Values  of  tension  calculat&d  from  measured  profiles  and  pressures 
display  unexpected  regularity  In  view  of  the  occurrence  of  a  second  deriva¬ 
tive  of  the  profile  function  In  the  expressions.  The  tensions  tend  to  remain 
constant  over  the  portion  of  the  plate  from  r  »  0  to  r  >■  8  inches  and  fall 
off  for  larger  values  of  r. 

It  Is  Interesting  to  note  that,  as  shown  In  Figure  11  on  page  17. 
the  biaxial  stress  at  the  center  of  the  plate  Is  about  8  per  cent  higher  than 
the  uniaxial  stress  at  the  same  linear  strain.  The  two  curves  may  be  shown 
to  be  In  approximate  agreement  with  predictions  based  on  well-known  plastic¬ 
ity  laws. 

CONCLUSIOMd 

There  are  six  geometrical  and  two  physical  quantities  associated 
with  the  plastic  deformation  of  a  circular  plate  under  pressure:  the  vertical 
and  radial  displacements  t  and  a,  the  principal  strains  and  c^,  the  thick¬ 
ness  k,  and  the  radial  distance  r;  and  the  principal  stresses  and  e,.  Each 
of  these  quantities  Is  a  function  of  the  Initial  radial  distance  r^,  or  al¬ 
ternatively,  of  the  final  radial  distance  r.  The  five  geometrical  quantities 
*$  *$•  ^  related  by  three  simple  equations,  which  hold  with 

considerable  accuracy  and  show  that  the  plate  behaves  as  a  homogeneous  skin 
with  volume  strain  zero.  If  any  two  of  these  five  quantities  as  functions  of 
r  are  measured  In  a  test,  the  remaining  three  may  readily  be  calculated. 

The  stresses  Of  and  v«  may  be  calculated  numerically  by  means  of 
equilibrium  conditions  when  the  profile  function  t{r)  and  the  pressure  p  are 
given. 

The  energy  of  deformation  may  be  computed  as  a  function  Of  the  cen¬ 
tral  deflection  t  when  the  profile  function  t(r,p)  with  the  pressure  p  as 
parameter  Is  given. 
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